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We describe a possible general and simple paradigm in a classical thermal setting for discrete
time crystals (DTCs), systems with stable dynamics which is subharmonic to the driving frequency
thus breaking discrete time-translational invariance. We consider specifically an Ising model in two
dimensions, as a prototypical system with a phase transition into stable phases distinguished by a
local order parameter, driven by a thermal dynamics and periodically kicked. We show that for a
wide parameter range a stable DTC emerges. The phase transition to the DTC state appears to
be in the equilibrium 2D Ising class when dynamics is observed stroboscopically. However, we show
that the DTC is a genuine non-equilibrium state. More generally, we speculate that systems with
thermal phase transitions to multiple competing phases can give rise to DTCs when appropriately
driven.
Introduction.– Discrete time crystals (DTCs) [1–20]
have recently emerged as a novel form of non-equilibrium
quantum matter. A time crystal is a system in which
the time translation invariance of the dynamics is spon-
taneously broken asymptotically [21]. While time crys-
tallinity is impossible in equilibrium states when the
dynamics is time-homogeneous [22–24], it can emerge
through spontaneous breaking of an underlying discrete
time symmetry. Concrete examples have been found in
closed quantum systems with time-periodic Hamiltoni-
ans (“Floquet” systems [25–27]) such as the pi-spin glass
and related models [2, 4–6, 8–10]. The usual setting
in such unitary spin systems is that the dynamics is
split between evolution with an interacting disordered
Hamiltonian followed by a rotation of the spins. The
usual Floquet heating towards an infinite temperature
[28–30] state is avoided by exploting localisation [31, 32]
so spatio-temporal order can be established without fine
tuning. For reviews see e.g. [33, 34].
The discovery of DTCs in unitary disordered Floquet
systems raises numerous questions. Two important ones
are the possibility of realising DTCs in clean quantum
systems [7, 11, 12, 16, 17, 35], and whether DTCs can
survive in the presence of dissipation [15, 36–49]. Study-
ing these two issues is part of the more general search
for an understanding of the range of mechanisms through
which time crystalline order can be stabilised. In the case
of quantum systems coupled to an external environment,
the problem one faces is that of the natural tendency
of dissipation to destabilise order [8, 9, 36, 44]. In this
respect, several mean-field or fully connected model sys-
tems have been shown to display DTC behaviour with
an appropriate engineering of the dissipative processes
[38, 39, 41, 43, 45, 50], with some candidate open quan-
tum systems argued to do the same away from mean-field
[40, 44].
Here we consider another setting for DTCs, that of
fully classical and thermal many-body systems. The
generic scheme we propose is extremely simple, but to
our knowledge has not been presented elsewhere before.
The setup is that of a classical system with an equilib-
rium symmetry breaking transition - below we consider
an Ising model in two dimensions (2D) as an obvious ex-
ample - which is periodically driven. A period of the
dynamics of duration τ consists of stochastic evolution
under conditions such that asymptotically (i.e., if τ were
to diverge) the symmetry-broken state would be stable,
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FIG. 1. Dynamics of the driven Ising model under
DTC conditions. Starting a cycle from a magnetised state,
domains of the opposite magnetisation (blue-dark/yellow-
light indicate down/up, respectively) are annealed away under
the evolution of duration τ generated by L during step 1 of
the protocol. Step 2 of the protocol randomly inverts most of
the spins, leaving on average ε “mistakes”. These are subse-
quently annealed away in step 1 of the succeeding period. Due
to the underlying symmetry breaking of the Ising model, only
after two periods the original orientation of the spin profile is
recovered. This gives rise to the period-doubling DTC.
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FIG. 2. DTC phase transition. (a) Magnetisation m(nτ)
at the end of each cycle n for (τ, µ) = (1, 0.95) from an initial
min = 0.8. The persistent oscillations with a period of 2τ are
indicative of a DTC. (b) Same for (τ, µ) = (1, 0.85). In this
case the oscillations get rapidly attenuated, indicative of the
disordered time-homogeneous phase. (c) Binder cumulants
Q4 as a function of µ for τ = 1J
−1. The crossing of the curves
locates the critical point at µc ≈ 0.925. (d) Phase diagram of
the driven Ising model as a function of µ and τ . The shading
corresponds to the value of 〈mst〉 in a system of linear size
L = 32. The symbols give the location of µc(τ) extracted from
the crossing of the Binder cumulants at τ = {0.25, 1, 2, 3}, cf.
panel (c).
followed by a sudden random inversion of a fraction µ of
the spins, see Fig. 1. We show that there exists a wide
range of values of (τ, µ) in which a stable DTC emerges.
This driven dynamics, when observed stroboscopically,
leads to a non-equilibrium stationary state (NESS), in
terms of which we construct the associated phase dia-
gram as function of (τ, µ). We show that despite the
out-of-equilibrium nature of the dynamics, the transition
from disorder to DTC order appears to be in the 2D Ising
universality class.
Model and dynamical protocol.– We study a classical
Ising model on a 2D square lattice of linear size L and pe-
riodic boundary conditions, with nearest neighbour cou-
plings and no magnetic field. The energy function is
E(σ) ≡ −J
∑
〈i,j〉
σiσj , (1)
where σi = ±1, sites are labelled by i, j = {1, ..., L2},
〈i, j〉 indicates nearest neighbours, σ = {σi, . . . , σN }
with N = L2 indicates a whole configuration of spins,
and the coupling is ferromagnetic, i.e., J > 0. Below we
set J = 1 for simplicity.
The dynamics is periodic [51] according to the follow-
ing two-step protocol within each period, see Fig. 1:
1. The first step evolves the system for time τ (equal
to the period) with a single spin-flip thermal dy-
namics which obeys detailed balance with respect
µ > µc
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FIG. 3. Stroboscopic trajectories. Instantaneous configu-
rations from representative trajectories under DTC conditions
(top, µ = 0.95 > µc), near criticality (middle, µ = 0.9 ≈ µc),
and where the NESS is paramagnetic (bottom, µ = 0.8 < µc).
Here, τ = 1J−1. We show a succession of snapshots for size
128× 128 at times corresponding to odd and even cycles sep-
arated by 5τ , with t = τ × {1985, 1990, 1995, 2000}. The top
row shows how the magnetisation alternates in the DTC. The
inset at the bottom of the last panel in the middle row com-
pares 64× 64 (on the left) and 128× 128 (on the right) con-
figurations on the same scale to illustrate the self-similarity
of the state at µc.
to the equilibrium Boltzmann distribution associ-
ated to energy function of Eq. (1) at temperature T .
As we are interested in dynamics where a symme-
try broken state is stable, we will restrict to T = 0
below.
2. The second step instantaneously inverts each spin
with probability µ. When µ < 1 not all spins are
inverted, and we denote with ε = 1−µ the “error”
introduced in the inversion step.
This driven dynamics is described within a period by the
evolution operator
Fτ ≡
 L2∏
i=1
(ε Ii + µ σˆxi )
 eLτ , (2)
with σˆxi and Ii the x Pauli matrix and the identity matrix
acting on the i-th spin, respectively. The rightmost factor
implements step 1 above with
L ≡
L2∑
i=1
(σˆxi − Ii) Γ(σ) (3)
the generator of zero-temperature Glauber dynamics [52–
54]. Here, Γ(σ) = θ[E(σ) − E(σi)], where σi indicates
the configuration obtained from σ by flipping the i-th
spin, and θ(z) the Heaviside function. Therefore, only
3moves that do not increase the energy are allowed. The
leftmost factor in Eq. (2) implements step 2 above.
After a transient, the system reaches a time-periodic,
non-equilibrium steady state. The dynamics depends on
two parameters, the period τ and the rotated fraction of
spins µ. To investigate the DTC phase transition it is
convenient to consider as an observable the stroboscopic
time-staggered magnetisation,
mst(n) ≡ (−1)nm(nτ), with n = 0, 1, . . . (4)
where m(t) denotes the total magnetisation per spin at
time t,
m(t) ≡ 1
L2
L2∑
i=1
σi(t). (5)
For large enough number of cycles we might expect that
a stroboscopic NESS will be established. A natural order
parameter is the average of the stroboscopic-time stag-
gered magnetisation defined in Eq. (4) in this NESS,
〈mst〉 = lim
N→∞
1
N
N∑
n=1
mst(n). (6)
Note that 〈mst〉 corresponds to the usual order parameter
used to identify DTC order [33, 34] given by the Fourier
component of the magnetisation at half the driving fre-
quency.
DTC state and phase transition.– We numerically
investigate the dynamics given in Eq. (2) by using a
continuous-time Monte Carlo algorithm [53, 55, 56] for
the thermal part of the protocol. We study a range of
system sizes and parameter values. In Figs. 2(a,b) we
show the behaviour of the magnetisation at times which
are multiples of the period, m(nτ) with n = 0, 1, 2, . . .,
for τ = 1 and two different values of µ. Figure 2(a) shows
m(nτ) for µ = 0.95 > µc ≈ 0.925. Here the system dis-
plays stable DTC oscillations with twice the period of the
driving. The value µc ≈ 0.925 is our estimate at this τ of
the transition point between an ordered DTC and a dis-
ordered driven paramagnet (see below for details). For a
smaller value of µ = 0.85 < µc (i.e., for a larger number
of mistakes in the inversion) the oscillations in the mag-
netisation decay quickly with time, see Fig. 2(b), corre-
sponding to the disordered (paramagnetic) phase (PM).
In terms of the staggered magnetisation, the disordered
phase has 〈mst〉 = 0 while in the DTC phase 〈mst〉 6= 0.
For each value of τ we can therefore locate the phase
transition point µc by means of Binder cumulants [53, 56]
Q2p =
〈
m2pst
〉
〈|mpst|〉2
, (7)
simulation simulation simulation
FIG. 4. Critical exponents of the DTC transition
obtained via finite size scaling. (a) Plot of µmax ∼ L−1/ν ,
corresponding to the point in which χ, see Eq. (8), takes its
maximum value, χ(µmax) = χmax, as a function L. The fit
results in ν = 0.9±0.3. The corresponding 2D Ising exponent
is ν2D = 1. (b) Plot of 〈mst(µc)〉 ∼ L−β/ν . From the fit we get
β/ν = 0.13± 0.01. Using the value of ν obtained in panel (a)
we get β = 0.12± 0.04. The 2D Ising exponent is β2D = 1/8.
Inset: plot of 〈mst〉 as a function of µ¯c = (µ− µc)/µc for the
same sizes as in Fig. 2(c). Here, the slope of the fitting curve
(black, dashed) has been fixed at value of β obtained from the
main panel. (c) Maximum value of the susceptibility, χmax ∼
Lγ/ν , as a function of L. The fit leads to γ/ν = 1.69 ± 0.08.
Using the result for ν from panel (a) we obtain γ = 1.8± 0.6.
The 2D Ising exponent is γ2D = 7/4.
with p ≥ 2. As Q2p is size-independent at a transition
point µc, the critical value µc is identified as the cross-
ing point of the different curves in Fig. 2(c). The cor-
responding phase diagram in the (τ, µ) plane is shown
in Fig. 2(d). For a given τ there is a µc(τ) such that
µ < µc(τ) corresponds to the disordered phase, while
µ > µc(τ) to the DTC phase. µc(τ) decreases with in-
creasing τ as the longer annealing time allows for a larger
error density before the DTC order becomes unstable.
Figure 3 shows configurations along representative tra-
jectories in the various regimes of the dynamics. The
top row corresponds to the DTC, µ > µc. Here the
magnetisation at even and odd number of cycles alter-
nates, displaying subharmonic behaviour. The bottom
row corresponds to the paramagnetic stroboscopic NESS
at µ < µc. Here, beyond fluctuations, there is no distinc-
tion between even and odd cycles, and discrete time sym-
metry remains unbroken. The middle row corresponds to
conditions near criticality, µ ≈ µc. The Inset to the last
panel compares two different system sizes (on the same
scale) illustrating self-similarity at the critical point.
Critical properties of the DTC transition.– The
existence of a phase transition in the long-time state is
evident from the susceptibility of the staggered magneti-
sation
χ ≡ L2
(〈
m2st
〉− 〈mst〉2) , (8)
and from the correlation length ξ of the (equal-time) con-
nected correlation function
Ci,j(t) ≡ 〈σi(t)σj(t)〉 − 〈σi(t)〉 〈σj(t)〉 , (9)
extracted from the assumption that at large distances
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FIG. 5. Non-equilibrium nature of the DTC. (a) Sum
of the absolute values of all elementary stationary currents
qij for different values of the parameters (τ, µ) for L = 3.
A non-zero value of this witnesses the non-equilibrium na-
ture of the Floquet dynamics. (b) Time-dependent magneti-
sation m(t) and energy e(t) = J/L2
∑
〈i,j〉 σi(t)σj(t) (units
J) for a system with L = 128. The value of n is chosen
large enough so that the curves look stationary (in this case
n = 100 is sufficient). The behaviour of both m(t) (clearly
displaying period-doubling) and of e(t), which is not time-
reversible, makes it evident that the process generating these
trajectories has a non-equilibrium character. (c) Coarsening
dynamics in the instantaneous configurations of the system
for t = τ ×{1, 25, 51, 5001} with min = 0.5. In panels (b) and
(c), τ = 1J−1 and µ = 0.95.
Ci,j ∼ e−rij/ξ with rij ≡ |ri − rj | being the distance
between spins i and j.
If the transition at µc is continuous then we expect to
see critical scaling of 〈mst〉, χ and ξ near it, that is,
〈mst〉 ∼ |µ−µc|β , ξ ∼ |µ−µc|−ν , χ ∼ |µ−µc|−γ . (10)
A finite-size scaling analysis in the stroboscopic NESS
allows to extract the critical exponents, which are shown
in Figure 4. The obtained values of (ν, β, γ) are close to
those of the equilibrium 2D Ising model [57], despite the
fact that in our case they correspond to a non-equilibrium
phase transition.
Non-equilibrium nature of the DTC phase.—
There are several ways to support the latter statement.
The first one, which sheds light on the origin of the
phase transition, is to consider the analogy with a two-
temperature Ising model [58–62]. Specifically, in the dou-
ble limit of low error rate, ε  1, and short length of
the period, τΓ(σ) 1, we can write the evolution of the
stroboscopic state by approximating the Floquet opera-
tor Eq. (2) as
Fτ ≈ e
∑
i(σˆ
x
i −Ii)[Γ(σ)+a′]τ ≡ eτ Leff . (11)
Here we have used the identity (1−ε)Ii+εσˆxi = ea(σˆ
x
i −Ii),
where a = − log(1 − ε)1/2, and defined a′ = a/τ , so
that for small ε one has a′τ  1. The generator
Leff is that of a time-independent (i.e., non periodically
driven) Glauber dynamics with composite transition rate
Γ(σ)+a′ corresponding to an Ising model in contact with
two thermal baths [58–62]. When the temperatures of the
two baths are at either side of the critical temperature of
the standard Ising model, this model is known to have a
phase transition in the equilibrium Ising class [58–62]. In
our case, one bath is at zero temperature, coming from
the relaxation in step 1 of the driving protocol. The sec-
ond bath is at infinite temperature, originating in the
imperfect inversion in step 2, with a′ setting the over-
all rate for the associated transitions. Thus, the DTC
transition we find is, in the low error limit, analogous to
that of the two-temperature Ising model which clearly
has dynamics not obeying detailed balance when the two
temperatures are different. This means that - at least for
ε & 0 - this DTC is also a NESS.
A second approach is to show that the dynamics due to
Eq. (2) does not obey detailed balance and that the stro-
boscopic NESS produces entropy on average. If this is the
case then there will be non-zero (stroboscopic) currents.
A fundamental one would be the entropy production [63],
but to estimate it one needs to know the transition prob-
abilities between all pairs of configurations. These are
contained in the operator Fτ , see Eq. (2), but extracting
them is impractical for large sizes. What we do is calcu-
late all the average elementary currents, that is the cur-
rents Jσ→σ′ ≡ ρσFσ→σ′ − ρσ′Fσ′→σ between all pairs
of configurations, σ and σ′, where ρσ is the NESS of
Eq. (2), and Fσ→σ′ are the corresponding probabilities
for the transitions. This can be done exactly through
exact diagonalisation of Fτ for small sizes. Figure 5(a)
gives the L1-norm of the current matrix,
∑
σ,σ′ |Jσ→σ′ |
for a range of values of (τ, µ), showing that except at the
limits of τ = 0 and µ = 1 the average currents are non-
vanishing. Furthermore, beyond the stroboscopic dy-
namics, trajectories of the system at all times are clearly
non-reversible. This is seen in Fig. 5(b) where we show
the energy and magnetisation for a representative DTC
trajectory as a function of time.
Having shown that the long time state is a non-
equilibrium one, we can ask whether the analogy with the
2D Ising model extends beyond the stroboscopic NESS.
A simple test is to consider the dynamics starting from
an initial state with zero magnetization (such as a quench
from a random configuration). Figure 5(c) shows that un-
der DTC conditions the stroboscopic dynamics exhibits
coarsening, displaying progressive growth of domains of
both magnetised states (before eventual collapse to one of
the two in the last panel, which is a finite size effect). As
the relaxation step of the protocol is standard Glauber
Ising dynamics at zero temperature we could have ex-
pected coarsening only within a period, but the fact that
it survives for long times despite the periodic driving is
non-trivial, and constitutes another indication that the
DTC state is robust.
Conclusions.— We have shown that a dynamic dis-
crete time crystal can be obtained in a fully classical and
thermal setting - and in the absence of disorder or any
5form of classical localisation - as a symmetry breaking
transition of a driven 2D Ising model. Our numerical
results suggest that when observed stroboscopically, the
phase transition in the non-equilibrium steady state is in
the 2D Ising universality class. The mechanism for DTCs
described here is simple and easily generalisable. For ex-
ample, we expect that driven Potts models will lead to
DTCs with periods larger than two. The simplicity of the
scheme also suggest that it should be possible to observe
these classical DTCs in experiments.
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